Abstract: Almost paracontact metric manifolds are the famous examples of almost para-CR manifolds. We nd necessary and su cient conditions for such manifolds to be para-CR. Next we examine these conditions in certain subclasses of almost paracontact metric manifolds. Especially, it is shown that normal almost paracontact metric manifolds are para-CR. We establish necessary and su cient conditions for paracontact metric manifolds as well as for almost para-cosymplectic manifolds to be para-CR. We nd also basic curvature identities for para-CR paracontact metric manifolds and study their consequences. Among others, we prove that any para-CR paracontact metric manifold of constant sectional curvature and of dimension greater than 3 must be para-Sasakian and its curvature equal to −1. The last assertion does not hold in dimension 3. We show that a conformally at para-Sasakian manifold is of constant sectional curvature equal to −1. New classes of examples of para-CR manifolds are established.
Introduction
Every almost paracontact metric manifold ( , , , , ) is naturally equipped with an almost para-CR structure (see Section 3) . In this paper, we present a necessary and su cient condition for almost paracontact metric manifolds to be para-CR manifold. This condition is written by using covariant derivatives of tensor eld and 1-form (tensor elds belonging to the structure) so that it turns out to be a convenient tool used in the proofs of other theorems. We use it to easily check that 3-dimensional almost paracontact metric manifolds and normal almost paracontact metric manifolds are para-CR. We also present a nice geometric characterization for almost para-cosymplectic manifolds that give rise to para-CR structures if and only if they have para-Kählerian leaves.
In contact geometry, the following important result is proved by Olszak [16] :
Result. If a contact metric manifold 2 +1 is of constant curvature and dimension ⩾ 5, then = 1 and the structure is Sasakian.
Since in paracontact geometry the metric on the manifold is not positive de nite, the analogous theorem is not obvious. We establish a necessary and su cient condition for paracontact metric manifolds to be para-CR (Theorem 5.1). Using it, we obtain the curvature identities for para-CR paracontact metric manifolds (Theorem 5.3, Corollary 5.4) and under the additional assumption that the manifold is para-CR, we prove a theorem analogous to Olszak's theorem [16] and we strengthen the assertion of Zamokovoy's theorem [18] .
Preliminaries
Let be an almost paracontact manifold and ( , , ) be its almost paracontact structure (e.g. [9, 18] ). This means that is an (2 + 1)-dimensional di erentiable manifold and , , are tensor elds on of type (1, 1), (1, 0) , (0, 1), respectively, such that 2 = − ( ) , ( ) = 1, = 0, ∘ = 0.
Moreover, the tensor eld induces an almost paracomplex structure on the paracontact distribution D = Ker , i.e. the eigendistributions D ± corresponding to the eigenvalues ±1 of are both -dimensional.
A pseudo-Riemannian metric on satisfying the condition
is said to be compatible with the structure ( , , ). If is such a metric, then the quadruplet ( , , , ) is called an almost paracontact metric structure and an almost paracontact metric manifold. For such a manifold, we additionally have ( ) = ( , ), and we de ne the (skew-symmetric) fundamental 2-form Φ by Φ( , ) = ( , ).
In the above and in the sequel, , , , etc. indicate arbitrary vector elds on the considered manifold if it is not otherwise stated.
An almost paracontact metric manifold is called to be (a) normal if [12, 13] ( , ) − 2 ( , ) = 0, where is the Nijenhuis torsion tensor of ,
(b) paracontact metric if Φ = (see [9, 18] ), (c) para-Sasakian if is normal and paracontact metric, (d) almost para-cosympletic if the forms and Φ are closed, that is, = 0 and Φ = 0 (see [7] ).
Para-CR manifolds
Almost paracontact metric manifolds can be interpreted as almost para-CR manifolds. Following [1, 2, 4, 11, 18] , we will show the demanded details. It is also important to mention certain analytic and geometric studies on generalizations of para-CR structures which have occurred in [10, 14, 15] . Let be an almost paracontact metric manifold and let ( , , , ) be its almost paracontact metric structure. Then dim D = 2 and (precisely, | D ) is a eld of endomorphisms of D such that 2 = Id, and the eigendistributions D ± corresponding to the eigenvalues ±1 of are both -dimensional. Thus, the pair (D, ) becomes an almost para-CR structure on . We say that (D, ) is a para-CR structure if it is formally integrable, that is, the following two conditions are satis ed:
for all , ∈ D. Equivalently, the formal integrability means that the eigendistributions
The manifold will be called a para-CR manifold if (D, ) is a para-CR structure.
In the sequel, we need certain new shapes of condition (3.1).
Lemma 3.1. Each of the following conditions is equivalent to (3.1): 
condition (3.4) can be equivalently written as (3.5).
When we de ne a (0, 2)-tensor eld on D by 6) then condition (3.4) can be interpreted as the symmetry of . By an analogy to the theory of CR structures (cf. e.g. [8] ), the tensor de ned by (3.6) can be called the Levi form corresponding to the para-CR structure.
The following theorem gives a necessary and su cient condition for to be para-CR.
Theorem 3.2. An almost paracontact metric manifold is a para-CR manifold if and only if the condition
is satis ed for any , ∈ D with ∇ being the Levi-Civita connection of .
Proof. Before we start with the proof, it will be useful to evalute the expression
Let us assume that (3.1) and (3.2) are satis ed. De ne an auxiliary (0, 3)-tensor eld on D by
for any , , ∈ D. Applying (3.8) with (3.1) and = 0, we claim that
Moreover, by a simply calculation using the skew-symmetry of Φ and ∇Φ, we show that
Using (3.10) and (3.11), we can compute
Hence, ( , , ) = 0 for any , , ∈ D. By the de nition (3.9), this implies
for a certain (0, 2)-tensor eld on D. The projection (3.12) onto leads to
By applying (3.5) (which is equivalent to (3.1)) to (3.13), we see that ( , ) can be written as
which, if substituted into (3.12), gives (3.7). Conversely, assume that (3.7) is ful lled. Projecting (3.7) onto the vector eld , we obtain (3.5), and consequently (3.1), too. But using (3.5) and (3.7), we have
Now, substituting the above and (3.1) in (3.8), we have ( , ) = 0. Hence, ( , ) = 0. Thus, we get (3.2), completing the proof.
Theorem 3.3. Any 3-dimensional almost paracontact metric manifold is a para-CR manifold.
Proof. Recall that it is proved by the author in [17] that, for any 3-dimensional almost paracontact metric manifold, (∇ ) = ( ∇ , ) − ( ) ∇ holds for any , ∈ X( ). Using the above formula, we get for such a manifold,
In view of the above and Theorem 3.2, condition (3.7) reduces to (3.5), or equivalently, to (3.4) . But since dim D = 2, the veri cation of (3.5) is easy. In fact it is su cient to take = 1 and = 2 , where 1 and 2 form a local basis for D such that 1 = − 1 and 2 = 2 .
Normal almost paracontact metric manifolds
We start with recalling the theorem proved by the author in [17] : An almost paracontact metric manifold is normal if and only if
for any , ∈ X( ). Assume that is a normal almost paracontact metric manifold. For such a manifold, we additionally have the relations
Indeed, by putting = = into formula (4.1), we obtain 0 = (∇ ) = − 2 ∇ . Hence, ∇ = 0 and ∇ = 0.
Hence, (4.3) follows. Putting = into (4.1) and using (4.2), we obtain (∇ ) = 0, which implies (4.4).
The following theorem is the main result of this section.
Theorem 4.1. Any normal almost paracontact metric manifold is a para-CR manifold.
Proof. Let be a normal almost paracontact metric manifold. Suppose that , ∈ D. From (4.1), we deduce
On the other hand, it is easy to see that
which together with (4.5) leads to
Moreover, we can show that
In fact, using (4.3), the left hand side of (4.7) can be transformed in the following way:
Finally, having (4.6) and (4.7), we claim that relation (3.7) is obviously ful lled. In view of Theorem 3.2, this completes the proof.
Paracontact metric manifolds
We recall certain facts about paracontact metric manifolds from [18] . Let be a paracontact metric manifold.
L , where L indicates the Lie derivation operator. Then,
It is very important that on a paracontact metric manifold the following relations hold:
A paracontact metric manifold is a para-Sasakian one if and only if However, using our convention we shall give a short proof of this fact.
Proof. Let be a paracontact manifold. For such a manifold, using (5.3) and (5.2), we obtain for , ∈ D,
Moreover, from (5.4), for , ∈ D, we get
By applying (5.9) and (5.10) to (3.7), we claim from Theorem 3.2 that the paracontact metric manifold is a para-CR manifold if and only if (∇ ) = − ( − ℎ , )
for any , ∈ D.
It is clear that (5.8) implies (5.11). Conversely, take arbitrary vector elds , ∈ X( ). Then − ( ) ∈ D and − ( ) ∈ D. Put − ( ) instead of and − ( ) instead of into the formula (5.11). After some calculations, in which the above listed properties of ∇ and ℎ should be used, one obtains (5.8). This completes the proof.
A para-Sasakian manifold is obviously para-CR paracontact metric. Proof. Using (5.7) and (5.3), we calculate
We obtain the nal assertion by applying the above formula to the identity
Corollary 5.4. For a paracontact metric para-CR manifold, we have
Proof. The projection of (5.12) onto leads to
On the other hand, using (5.3), we nd
which turns (5.14) into (5.13).
In [18, Theorem 3.12] S. Zamkovoy proved that if a paracontact metric manifold is of a constant sectional curvature and of dimension 2 + 1 ⩾ 5, then = −1 and |ℎ| 2 = 0. From the proof of his theorem it follows even more that ℎ 2 = 0. Unfortunately, ℎ 2 = 0 does not imply ℎ = 0, and therefore, the manifold does not have to be a para-Sasakian one (see Example 5.9). We will strengthen the assertion of Zamokovoy's theorem making additional assumption that the paracontact metric manifold is para-CR.
Theorem 5.5. A para-CR paracontact metric manifold of constant sectional curvature and of dimension 2 + 1 ⩾ 5 is para-Sasakian and = −1.
Proof. Since the manifold is of constant sectional curvature , we have We calculate the trace of (5.17) with respect to the arguments , and the metric . Then we obtain
The left hand side of formula (5.18) is an antisymmetric linear operator, whereas in view of (5.1) and (5.2) the right hand side of (5.18) is a symmetric operator. Hence, we infer that As it follows from the following example, the assertion of the above theorem does not hold in dimension 3. ( , , ) being the Cartesian coordinates in ℝ 3 . In fact, this structure is at, 3-dimensional, para-CR and paracontact metric. Moreover, we can compute, for the tensor eld ℎ,
which shows that ℎ ̸ = 0, and therefore the structure is not para-Sasakian.
A para-Sasakian structure of any dimension 2 + 1 ⩾ 3 and of constant sectional curvature equal to −1 can be constructed in the following way. 
We get an almost paracontact metric structure ( , , , ) on 2 +1 . We shall show that this structure is para-Sasakian and 2 +1 is of constant sectional curvature −1.
For our hypersurface, the Weingarten formula is = , being the Levi-Civita connection of . Hence, we obtain the shape operator = − and the second fundamental form ℎ( , ) = ( , ). Using the parallelity of and the Gauss formula, we have
where ∇ is the Levi-Civita connection of . Applying we get ∇ = − . This yields
and the structure ( , , , ) is paracontact metric. Moreover,
= ( ) = ( − ( ) ) − (∇ + ( , ) ) = ∇ + ( , ) − ( ( ) − ( ) − ∇ + (∇ ) + ( , ) = (∇ ) + ( , ) − ( ) − ((∇ ) − ( , )) .
Taking the tangential part we see that (∇ ) = − ( , ) + ( ) , and in view of (5.5) the structure is para-Sasakian. From the Gauss equation we see that 2 +1 is the hypersurface of constant curvature equal to −1. For a para-Sasakian manifold, the following identities are known (cf. [18] ): which completes the proof in this case. Now, consider the case = 1 (dim = 3). Since is conformally at, we have
Since is a Killing vector eld, we have So is an Einstein space, and consequently, it is of constant sectional curvature. In view of (5.21), the sectional curvature = −1, which completes the proof.
To nish this section, we give an example of a class of new paracontact metric structures which are para-CR and not normal in general. 
where is an arbitrary function. The dual frame of 1-forms ( ) is given by
De ne an almost paracontact structure ( , , , ) on ℝ 2 +1 by assuming
Here, we have Φ( , + ) = −Φ( + , ) = 1 and Φ( , ) = 0 otherwise. Therefore the fundamental 2-form Φ has the shape
Thus, ( , , , ) is a paracontact metric structure. Let us calculate the structure tensor ℎ. We have
We see that ℎ 2 = 0, and ℎ ̸ = 0 ⇔ ̸ = 0. Therefore, if ̸ = 0, the structure is not para-Sasakian. To nd necessary and su cient conditions for this structure to be para-CR, we are going to use condition (3.3) . We see that the eigendistribution D − is spanned by the vector elds ( ).
The eigendistribution D + is spanned by the vector elds ( + ). Since To see that this structure is not normal in general, at rst we nd [ + , ] = , and next we compute
which is non-zero if ̸ = 0. Finally, note that the function
is an example of a particular solution of (5.33), and moreover ̸ = 0.
Almost para-cosymplectic manifolds
Before we study almost para-cosymplectic manifolds, recall the notion of para-Kählerian manifolds and almost para-Kählerian manifolds; cf. [5, 6 ].
An almost para-Kählerian manifold by de nition is a 2 -dimensional di erentiable manifold endowed with an almost para-Kählerian structure ( , ). The structure is formed by a (1, 1)-tensor eld such that 2 = , and a pseudo-Riemannian metric satisfying ( , ) = − ( , ), and the fundamental form Φ, Φ( , ) = ( , ), is closed. An almost para-Kählerian manifold with integrable almost para-complex structure (equivalently, ∇ = 0) is said to be para-Kählerian. Let be a para-cosymplectic manifold. Since = 0, the paracontact distribution D is completely integrable and the manifold possesses a foliation F generated by D. Any leaf of F is a submanifold of of codimension 1. Since | is a vector eld normal to , we may treat as a pseudo-Riemannian hypersurface. Let be the (1, 1)-tensor eld de ned by = | and let be the induced metric on . Then the pair ( , ) is an almost para-Kählerian structure on (its fundamental form is closed since it is the pullback of the fundamental form of ). We say that has para-Kählerian leaves if on every leaf the induced structures ( , ) are para-Kählerian.
In [7] P. Dacko shows that an almost para-cosymplectic manifold satis es the conditions
Moreover, he proves that an almost para-cosympletic manifold has para-Kählerian leaves if and only if
Using the above equality, we obtain the following result.
Theorem 6.1. An almost para-cosympletic manifold is a para-CR manifold if and only if it has para-Kählerian leaves.
Proof. We prove that for a para-cosymplectic manifold, formulas (6.3) and (3.7) are equivalent. At rst we check that under (6.1), (6.2) and the general formula (∇ )( ) = (∇ )( ) (which is a consequence of = 0), formula (3.7) reduces equivalently to Below, we give a class of new almost para-cosymplectic structures which are para-CR and not normal in general. Then the dual frame of 1-forms ( ; 1 ⩽ ⩽ 2 + 1) is given by
De ne an almost paracontact structure ( , , , ) on ℝ 2 +1 by assuming = − , + = + , 2 +1 = 0, = 2 +1 , = 2 +1 , ( , + ) = ( + , ) = ( 2 +1 , 2 +1 ) = 1.
∧ .
By the symmetry = , it must be that
and consequently, Φ = 0. Since also = 0, the structure ( , , , ) is almost para-cosymplectic. Like in the previous example, to nd necessary and su cient conditions for this structure to be para-CR, we shall use condition (3.3). The eigendistribution D + is spanned by the vector elds ( + ). Since where is a function on ℝ 2 +1 depending on and only.
We check that this structure is not normal. At rst, we nd which is non-zero in general.
Note. Certain of the presented results can be treated as paracontact analogies of those known in contact geometry. For contact metric manifolds, we refer the beautiful book [3] .
